We compute the single particle density matrix in large (500, 512 and 1000 atom) models of FCC aluminum, crystalline (diamond) and amorphous silicon and carbon. We use an approximate density functional Hamiltonian in the local density approximation. The density matrix for FCC aluminum is found to closely approximate the results for jellium, and the crystalline and amorphous insulators exhibit exponential decay albeit with pronounced anisotropy.
I. INTRODUCTION
There is a continuing e ort to improve the e ciency of single electron methods for modeling materials. Examples of these are density functional approaches, and also simple but e cient tight-binding schemes. A unifying feature of these e orts is the need for a realspace localized representation for the one electron states (Kohn-Sham orbitals in a density functional computation), or almost equivalently a real space localized density matrix (DM). While there have b e e n m a n y calculations exploiting a real space local representation 1 2 , t h e r e have beenfew serious attempts to study the spatial decay of the DM in real materials and with realistic Hamiltonians (for linear alkanes however, see Ref. 3) . The DM is expected to provide a lower bound on how well localized the Wannier states may be(a useful explicit recipe for building these states to minimize their extent has recently been given 4 ) . In this paper, we directly compute the DM for a metal (Al), crystalline and amorphous phases of Si and C. Among other things, we show that Al is very free electron-like, and discuss the signi cant anisotropies in the DM in insulators, and compare the computed spatial decay to available predictions.
Single-particle density operator^ = exp( (Ĥ ; ) + 1 ] ;1 probes the spatial locality of electrons, and enables a spatially local formulation of the electronic structure problem ( is an inverse temperature, is the chemical potential). Kohn 5 has stated this clearly, and called the dependence of ground state properties on the local environment \the principle of nearsightedness", and observed that it: \is generally a consequence of wave-mechanical destructive interference". It is di cult to perform analytical calculations of (x x 0 ) = hxj^ jx 0 i in all but the simplest cases. As such, it is convenient to provide empirical insight from relatively realistic computations.
Li, Nunes and Vanderbilt 6 and Daw 7 recognized that using a truncated (x x 0 ) could lead to a linear scaling total energy and force method. In an atom-centered local representation j i, the band energy (for example) is just:E bs = T r ( Ĥ ) = P P H P ; . Here, the sum index emphasizes that only a nite number of terms (independent of system size and only from the local environment of basis functions near the site associated with ) n e e d s to becomputed. Then the CPU time for computing E bs scales as N ; the desired linear scaling, if ; is the average time to compute the \local" band energy for the \ locale" ; . For a proper discussion, see the reviews of Goedecker 8 and Ordej on 9 .
II.ELEMENTARY ESTIMATES OF THE DENSITY MATRIX
For the free electron gas at zero temperature, the DM is given in standard textbooks 10 (1) where = k F jx ; x 0 j, k F is the Fermi wave vector and n is the density of the electron gas.
The DM for this system has long range at T = 0 the DM (and electron pair distribution function) wiggles and decays as a power law for ! 1 10 . The analytic origin of the slow decay is the abrupt cuto at the Fermi surface, and is mathematically nothing more than a case of \Gibbs' phenomenon" 11 as seen in the theory of Fourier series. Of course it is quite physical in this case and is similar in origin to the Friedel oscillations and the oscilliatory RKKY interaction. For nite temperature the decay envelope is exponential because of the smooth cuto of the Fermi function.
The real space DM shows an exponential decay behavior at zero temperature for insulators 12 :
(x x 0 ) / exp (; jx ; x 0 j) : (2) Kohn 13 proved the exponential decay b e h a vior in the case of one-dimensional model crystal.
Stephan et al. 14 observed that the exponential decay of orthogonalized Wannier function in the crystalline and amorphous systems with similar local topological order (and a similar mobility gap) appears to be close.
Some simple predictions for the asymptotic decay of the DM are available. Ismail-Beigi and Arias 15 , predicted that for insulators in the weak binding limit, one should observe an exponential decay with rate: wb = aE gap m= h 2 (3) whereas Kohn 13 suggested that in the tight binding limit:
We compare these to our numerical calculations below. Units for all decay rates are A ;1 .
III.CALCULATIONS
In this paper we implement reasonably realistic calculations, with an approximate density functional Hamiltonian due to Sankey and Niklewski 16 . This Hamiltonian has four basis functions (pseudoatomic orbitals) per atom, employs the Harris functional and non-local pseudopotentials. The basis is nonorthogonal and the method has been well tested for the systems we describe here. We compute the DM as:
in which n (x) is the n th eigenvector of the Sankey Hamiltonian. All calculations reported here were performed using exact diagonalization on 500 atom (Al) and 512 atom (Si, C) cells. Beside crystal phases, we use realistic models of a-Si and amorphous diamond (a-D) due to Djordjevic, Thorpe and Wooten 17 . Calculations are restricted to the ; point of the Brillouin zone: the models are large enough to avoid additional k sums beside the band sums. Occupations are computed for T = 0 . The DMs reported in this paper always adopt the midpoint between two atoms as origin. While not especially signi cant in metals, this is of course the bond center in the tetrahedral insulators we discuss later.
A. Metals
Equation 1 is derived from the free electron gas. It is not clear to what extent the electrons in a real metal mimic the free electron gas. To study the decay properties in a real metal, we extract the DM for a 500 atom model of FCC Al (the supercell is 20.25 A on a side) . The DM is calculated from equation 5. Fig. 1 gives the decay of the DM in this metal. Clearly, the electrons behave much like free particles in view of the near coincidence of the analytic result and the calculation from Equation 5. The electron density used for Eq. 1 is n=0.185 A ;3 (the actual density of valence electrons) which leads to the Fermi vector k F = 1 :763 A ;1 .
To check the origin of the ringing in Fig. 1 , we also considered a \heavily p-doped" insulator (c-Si) (by shifting the Fermi level well into the valence states), and a power-law decay and ringing was observed as for Al.
B. Insulators
We have seen that the DM for Al is quite isotropic due to the de-localization of the valence electrons. For Si and C, we calculate the DM along several directions including parallel and orthogonal to the bond direction. As we show in Fig. 2 , there is a large degree of anisotropy in the decay of the DM for a 1000 atom model of (a) diamond-Si and (b) amorphous Si. The decay appears to be most rapid and monotonic along directions signi cantly di erent than the bond direction or the direction orthogonal to it. The decay i s slowest in the longitudinal (bond parallel) direction. This result is in qualitative agreement with results for orthonormal Wannier functions reported in Ref. 14. The box size for the 1000 atom c-Si model is 27.15 A, for a-Si, 27.694 A.
We have checked the formula of Ref. 15 . Using experimental values for a and E g , they obtain wb 0:8 A ;1 and 2:5 A ;1 , for c-Si and c-C respectively. Kohn's prediction 13 for the tight-binding regime (Eq. 4) yields tb 0:54 A ;1 for Si, and tb 1:19 A ;1 for C. Evidently these two approaches give reasonably similar results for Si, but very di erent rates for C. Best ts from our calculations give 0:49 A ;1 for c-Si, 1:34 A ;1 for c-C in rather good agreement with the estimate of Kohn for both materials and in reasonable agreement with Ismail-Beigi and Arias 15 for Si. In fairness to the authors of Ref. 15 , they would not expect C to bewell described by their expression (Eq. 3). We should note that there is such an important e ect from directional anisotropy that there is some signi cant uncertainty (of order 0.05 A ;1 in the decays reported. The rates reported here are from a calculation on a 1000 atom model of c-Si and a 512 atom model of diamond (box size 14:24 A).
Next, we discuss the DM for a 1000 atom model of amorphous Si 18 and 512 atom model of a-diamond 17 . These disordered networks have much of the local (tetrahedral) character of diamond albeit without long range order. We observe that the asymptotic decay rates for c-Si and a-Si are not very di erent. Stephan et al. 14 conjectured that the decay of the WF's (as well as DM) is related to separation of the extended occupied and unoccupied states (similar for these amorphous and crystalline models), i.e., the width of the mobility gap, a statement consistent with our work. While there is minor variation in decay rates, within tting uncertainty, all decay rates for a-Si are similar (and approximately equal to the result for the crystal), independent of whether a strained bond or \typical" bond is selected, within the uncertainty due to anisotropy. The same is true for a-D. We emphasize that the short range character of the DM depends strongly on the choice of bond, but not the behavior of the tail of the DM. One can interpret this a consequence of the work of Rehr and Kohn 19 and Kohn and On roy 20 , who show long range decay of the DM is very similar for \ordinary" or highly defective sites. We observed a similar insensitivity in the tail when we introduced arti cial defects in c-Si. We also note that Stephan, Martin and Drabold 14 noted that orthogonalized Wannier functions for a-Si have an intricate non-spherical structure depending on the disorder in the material, which is consistent with our work.
>From Fig. 3 , we report contour plots for the DM starting at a bond center. The gure shows the DM for the crystal (Fig. 3a) , and two sites (tetrahedral and defective) for Figs. 3b and c. Notice that the DM shows a clear tendency to become non-spherical in all cases, re ecting the directionality of the covalent bond. In a disordered environment, this symmetry is retained near the origin for a normal (tetrahedral) environment and destroyed at larger correlation length (Fig. 3b) . In a-Si, even the structure near the origin for the non-tetrahedral environment is distorted, producing a rather irregular structure in the whole space (Fig. 3c) . The anisotropy which we have discussed is made quite apparent in these gures.
IV. CONCLUSION
We have used a simpli ed ab initio Hamiltonian to investigate the decay of the density matrix in a metal and in crystalline and amorphous insulators. The DM for Al is found to bevery close to the free electron prediction. For insulators, there is a large anisotropy in the DM, with decay especially slow along the bonddirection.
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